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Abstract: Let G be a (p,q) graph. Let f : V(G) — {1,2,...,k} be a function. For 
each edge uv, assign the label gcd (f(u), f(v)). f is called k-prime cordial labeling of G 
if |u¢(4) — ve (y)| < 1, ij € {1,2,...,k} and |e¢(0) — ef¢(1)| < 1 where v¢(x) denotes the 
number of vertices labeled with x, e(1) and es(0) respectively denote the number of edges 
labeled with 1 and not labeled with 1. A graph with admits a k-prime cordial labeling is 
called a k-prime cordial graph. In this paper we investigate 4-prime cordial labeling behavior 
of shadow graph of a path, cycle, star, degree splitting graph of a bistar, jelly fish, splitting 
graph of a path and star. 
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§1. Introduction 


In this paper graphs are finite, simple and undirected. Let G be a (p,q) graph where p is the 
number of vertices of G and q is the number of edge of G. In 1987, Cahit introduced the concept 
of cordial labeling of graphs [1]. Sundaram, Ponraj, Somasundaram [5] have been introduced 
the notion of prime cordial labeling and discussed the prime cordial labeling behavior of various 
graphs. Recently Ponraj et al. [7], introduced k-prime cordial labeling of graphs. A 2-prime 
cordial labeling is a product cordial labeling [6]. In [8, 9] Ponraj et al. studied the 4-prime 
cordial labeling behavior of complete graph, book, flower, mCn, wheel, gear, double cone, helm, 
closed helm, butterfly graph, and friendship graph and some more graphs. Ponraj and Rajpal 
singh have studied about the 4-prime cordiality of union of two bipartite graphs, union of trees, 
durer graph, tietze graph, planar grid Pm x Ph, subdivision of wheels and subdivision of helms, 
lotus inside a circle, sunflower graph and they have obtained some 4-prime cordial graphs from 
4-prime cordial graphs [10, 11, 12]. Let 2 be any real number. In this paper we have studied 
about the 4-prime cordiality of shadow graph of a path, cycle, star, degree splitting graph of a 
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bistar, jelly fish, splitting graph of a path and star. Let x be any real number. Then |x| stands 
for the largest integer less than or equal to z and [2] stands for smallest integer greater than 
or equal to x. Terms not defined here follow from Harary [3] and Gallian [2]. 


§2. k-Prime Cordial Labeling 


Let G be a (p,q) graph. Let f : V(G) > {1,2,---,k} be a map. For each edge uv, assign 
the label gcd (f(u), f(v)). f is called k-prime cordial labeling of G if |vs (i) — v¢(¥)| < 1, i,j € 
{1,2,---,k} and |e (0) — e¢(1)| < 1, and conversely, if |vs (i) — v¢(y)| > 1, i,j € {1,2,--- , k} 
or |e¢(0) — e¢(1)| > 1, it is called a Smarandachely cordial labeling, where v(x) denotes the 
number of vertices labeled with x, e(1) and e;(0) respectively denote the number of edges 
labeled with 1 and not labeled with 1. A graph with a k-prime cordial labeling is called a 
k-prime cordial graph. 

First we investigate the 4-prime cordiality of shadow graph of a path, cycle and star. A 
shadow graph D2(G) of a connected graph G is constructed by taking two copies of G, G’ and 
G” and joining each vertex u’ in G’ to the neighbors of the corresponding vertex u” in G”. 


Theorem 2.1 D2(P,,) is 4-prime cordial if and only if n # 2. 

Proof It is easy to see that D2(P2) is not 4-prime cordial. Consider n > 2. Let 
V(Də(Pa)) = {uivi : 1 < i < n} and E(Do(Pr)) = {usuigi, vivi : 1 <i < n-—1fU 
{UiVi+1, viui : 1 <i <n-—1}. In a shadow graph of a path, Do(P,), there are 2n vertices 


and 4n — 4 edges. 


Case 1. n = 0 (mod 4). 


Let n = 4t. Assign the label 4 to the vertices u1, u2,--- , u2 then assign 2 to the 
vertices V1, U2,*+* , U2. For the vertices U2t+1,U2t+2, we assign 3,1 respectively. Put the 
label 1 to the vertices U2t+3,U2t+5;'** ,U4t—-1. Now we assign the label 3 to the vertices 
V2t4+4, U2t+6;*** ,U4t—2- Then assign the label 1 to the vertex v4;. Next we consider the vertices 
U2t+1, U2t42,°°° , Ue. Put 3,3 to the vertices uot41, U2t42. Then fix the number 1 to the vertices 
U2t+3, U2t45,°°* ,U4e—1- Finally assign the label 3 to the vertices Ust+4, Wat46,°°* , Ust. 





Case 2. n=1 (mod 4). 


Take n = 4t+1. Assign the label 4 to the vertices u1, u2,--- ,Uu2t+1. Then assign the label 3 
to the vertices Uzt+2, U2t+4,°°* , U4z and put the number 1 to the vertices Uzt+3, U2t+5;* °° , W4t-+1- 
Next we turn to the vertices v1, V2,--+ , V2e41- Assign the label 2 to the vertices v1, v2,--+ , V2e41- 
The remaining vertices v; (26+ 2 < i < 4t + 1) are labeled as in u; (26+2<i< 4t+1). 


Case 3. n=2 (mod 4). 


Let n = 4t+2. Assign the labels to the vertices u;, v; (1 < i < 2t+ 1) as in case 2. Now we 
consider the vertices U2t+2, U2t4+3,°°* , U4st+2. Assign the labels 3,1 to the vertices Uzt+2, U2t+3 
respectively. Then assign the label 1 to the vertices uaz+4, Wat+6,°°* ,U4t+2- Put the integer 
3 to the vertices u2t45, U2t+7,°°* ,U4t41- Now we turn to the vertices Uzt+2,U2t+3,'°* , U4t-+2- 


Put the labels 3,3,1 to the vertices vo4+2, vor43, U2t+4 respectively. The remaining vertices 
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vi (26+5 <i < 4t + 2) are labeled as in u; (26+5 <i < 4t+ 2). 


Case 4. n=3 (mod 4). 
Let n = 4t+3. Assign the label 2 to the vertices u; (1 < i < 2t+ 2). Then put the number 


3 to the vertices U2t+3, U2t45,°°* ,Uat+1- Then assign 1 to the vertices Uzt+4, U2t+6;°** , U4t+2 


and u4¢+3. Now we turn to the vertices v1, v2,--- ,U4t+3. Assign the label 4 to the vertices 
vu; (1 <i < 2t+2). The remaining vertices vi (26+3 < i < 4t+3) are labeled as in u; (26+3 < 
i < 4t +3). Then relabel the vertex v4;43 by 3. 

The vertex and edge conditions of the above labeling is given in Table 1. 


v2) | v4(3) | vp (4) | e(0) | er) 





n=1 (mod 2) | 3+ 


Table 1 














It follows that D2(P,,) is a 4-prime cordial graph for n # 2. 


Theorem 2.2 D2(C;,) is 4-prime cordial if and only ifn > 7. 

Proof Let V(D2(C,)) = {u;i vi: 1 <i < n} and E(Do2(C,)) = {UiUi+1, ViVi+1, UiVi+1, 
Vitii : Lic Nn—1}U {unri, Vnu, Unui, Vntr}. Clearly D2(C,,) consists of 2n vertices and 
4n edges. We consider the following cases. 

Case 1. n=0 (mod 4). 


One can easily check that D2(C4) can not have a 4-prime cordial labeling. Define a vertex 
labeling f from the vertices of D2(C;,,) to the set of first four consecutive positive integers as 


given below. 























fwi) = f(uz-1) = 2, Leese 

f (vai41) = f(uai) 4, 1<i<3 

fvg) = f(uayoya) = 1, 1<i< 2# 

f(vg+3+2%) = f(uz+342i) S235 1<i<4 
f(ua41) = f(ua4e) = f(uays) = f(vaqe2) = 3 and f(v1) = f(va43) = 1. 





Case 2. n=1 (mod 4). 


It is easy to verify that D2(Cs) is not a prime graph. Now we construct a map f : 
V(D2(Cn)) > {1, 2,3, 4} as follows: 


























f(uai-1) = 2, 1<i< 2 
f (wai) = 4, 1<i< 2E 
f (vai) = 2, 1<i< 2# 
f (v2i+1) = 4, 1<i< ty 
F(ungs 404) = f (Unys pai) = 1, 1<i< t 
f (vagt 42%) T f (Ungt yai) = 3, 1<i< P 
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f(v1) = f(vags) = f (ungs) = f (unr) = 3 and f(vagz) = f(vags) = 1. 


2 


Case 3. n= 2 (mod 4). 


Obviously Də(C6) does not permit a 4-prime cordial labeling. For n 4 6, we define a 
function f from V(D2(C;,,)) to the set {1, 2,3, 4} by 

















f(uai-1) = 2, 1<i< 2# 
f (uri) = 4, 1<i< 22 
f (vai) S22) Tara 
f(vai41) 4, 1<i< 2 
F(ungs 494) f (Ung 49;) = 1, 1<i< 5 
Ff (ngs 424) = f (ungs 404) = 3, lsi< a 








and 


Case 4. n=3 (mod 4). 


Clearly D2(C3) is not a 4-prime cordial graph. Let n 4 3. Define a map f : V(Do2(C,)) > 
{1,2,3,4} by f(v1) = 1, 

















f (vai) = f(uai-1) = 2, tare ee 
f(v2i41) = fuzi) = 4 1<i< 2# 
f (ngs 494) > f (Wnts 49;) = 1, 1<i< 273 
(Unts 4 9;) = f (Uns +94) = 3, 1<i< n= 











and flung) = Ff (ungs) =- f (vgs) = 3. The Table 2 gives the vertex and edge condition of f. 


v(t) | ey?) es(1) 


vao2 tad! a | |e | 3 | | m | 


n= 1,3 (mod 4) | 2# 





Table 2 





It follows that D2(C;,) is 4-prime cordial iff n > 7. 











Example 2.1 A 4-prime cordial labeling of Də(C9) is given in Figure 1. 
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Figure 1 


Theorem 2.3 D2(Kj,,) is 4-prime cordial if and only if n =0 (mod 2). 


Proof It is clear that D2(K1,,) has 2n + 2 vertices and 4n edges. Let V(Do2(Ki.n)) = 
{u,v uivi: 1 <i <n} and E(D2(Kyn)) = {uui, vvi, vui uv: 1 <i <n}. 


Case 1. n = 0 (mod 2). 


Assign the label 2 to the vertices u1, u2,- ,u241. Then assign 4 to the vertices uz+2,--- , 


Un, u,v. Now we move to the vertices v; where 1 <i < n. Assign the label 3 to the vertices 


n 


vj (1 <i < $) then the remaining vertices are labeled with 1. In this case v¢(1) = v¢(3) = 5, 
vg (2) = vg(4) = $ +1 and ef(0) = ef(1) = 2n. 


Case 2. n=1 (mod 2). 


Let n = 2t+ 1. Suppose there exists a 4-prime cordial labeling g, then v,(1) = v,(2) = 
Ug(3) = vg(4) =t4+1. 


Subcase 2a. g(u) = g(v) = 1. 
Here e,(0) = 0, a contradiction. 


2; 


II 


Subcase 2b. g(u) = g(v) 
In this case e,(0) < (t— 1) + (t— 1) + (t+ 1) + (t+ 1) = 4t, a contradiction. 


Subcase 2c. g(u) = g(v) =3. 


II 


Then e,(0) < (t — 1) + (t — 1) = 2t — 2, a contradiction. 
Subcase 2d. g(u)= g(v) = 4. 

Similar to Subcase 2b. 

Subcase 2e. g(u) = 2, g(v) = 4 or g(v) = 2, glu) = 4. 
Here e,(0) < t+t+t+t = 4t, a contradiction. 
Subcase 2f. g(u) = 2, g(v) = 3 or g(v) = 2, glu) = 3. 


Here e,(0) < (t+ 1)+t+t = 3t + 1, a contradiction. 


130 R.Ponraj, Rajpal Singh and R.Kala 


Subcase 2g. g(u) = 4, g(v) =3 or g(v) = 4, glu) = 3. 
Similar to Subcase 2f. 
Subcase 2h. g(u) = 2, g(v) =1 or g(v) = 2, g(u) = 1. 
Similar to Subcase 2f. 
Subcase 2i. g(u) = 4, g(v) =1 or g(v) = 4, glu) = 1. 
Similar to Subcase 2h. 
Subcase 2j. g(u) =3, g(v) =1 or g(v) = 3, glu) = 1. 


In this case e,(0) < t, a contradiction. 











Hence, if n = 1 (mod 2), Da(Kı,n) is not a 4-prime cordial graph. 





The next investigation is about 4-prime cordial labeling behavior of splitting graph of a 
path, star. For a graph G, the splitting graph of G, S’ (G), is obtained from G by adding for 
each vertex v of G a new vertex v’ so that v’ is adjacent to every vertex that is adjacent to v. 
Note that if G is a (p,q) graph then S (G) is a (2p, 3q) graph. 


Theorem 2.4 S'(P,,) is 4-prime cordial for all n. 


Proof Let V(S'(P,)) = {ui vi: 1 <i < n} and E(S'(P,)) ={ujuigi,uivigiviuigi: 1 < 
i<n-—1l}. Clearly S’(P,,) has 2n vertices and 3n — 3 edges. Figure 2 shows that S’(P2), S’(P3) 


are 4-prime cordial. 
1 3 4 2 3 
2 4 2 4 1 


Figure 2 
For n > 3, we consider the following cases. 
Case 1. n = 0 (mod 4). 


We define a function f from the vertices of S’(P,,) to the set {1,2,3,4} by 


f (vai) = f(uzi—1) = 2, 1<i< F 
f(vaiti) = fur) = 4, 1<i<4 
Ff (ung 404) = f(Ung2 493) = 1, l<i< nt 
f (ung 40%) = f (wats 49;) = 3 1l<i< n4 














and f(waga) = funga) =3, f(01) = Ffon) = 1. 
In this case vp (1) = vp(2) = vs (3) = vp (4) = 4, and ef(0) = 234, ep(1) = #2. 














Case 2. n=1 (mod 4). 
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We define a map f : V(S’(P,)) > {1, 2,3, 4} by 


f(uai-1) =o) Leis In 
f(u) = 4, je => 
f(vzi—1) = rA Fis nts 
f (vai) = 2. La 
Flvnss 424) a f (W254 425) Be 
f (Ung 424) = f(Ung1 495) = 1, 1<i< not 


Here v¢(1) = v¢(3) = r=, vs(2) = ve (4) = rA, and es(0) = e,(1) = 33, 
Case 3. n = 2 (mod 4). 


Define a vertex labeling f : V(S'(Pa)) > {1,2,3,4} by f(v1) = 3, f(v24i) = 1, 














f(uzi—1) = 2, 1<i< 2# 
f (uzi) = 4, 1<i< 2# 
f (vai) = 2, 1<i< tF 
f (v2i41) 4, 1<i< = 
f(vg+zi) = flug+a:) 3, 1<i< t7 
f(vnza4o;) = fuaga) = 1, 1sis*? 











Here vs(1) = v¢(2) = v¢(3) = v7 (4) = Z, and ef(0) = 244, ef (1) = 2. 








Case 4. n=3 (mod 4). 


Construct a vertex labeling f from the vertices of S’(P,,) to the set {1,2,3,4} by f(un) = 1, 
f (vn) =F 3, 


Ff (vai) = fie) = 2, 1<i< 2# 
fod, Sug. aa tate 
f(a 424) = f (W231 go) = 3, l<i< n=3 
Ff (vazipa) = f(U2t2 495) = Te hens 


In this case vp(1) = vs (3) = 254, vy (2) = ve (4) = 4, and ef (0) = ef (1) = #2. 














Hence S” (Pa) is 4-prime cordial for all n. 


Theorem 2.5 S'(Kı n) is 4-prime cordial for all n. 


Proof Let V(S'(Kin)) = {u, v, ui vi: 1 <i <n} and E(S'(Ki n)) = {uu;, vui, uvi : 1 < 
i < n}. Clearly S'(Ki,n) has 2n + 2 vertices and 3n edges. The Figure 3 shows that S'(K1,2) 
is a 4-prime cordial graph. 
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3 
Figure 3 


Now for n > 2, we define a map f : V(S'(Ki,n)) > {1,2,3,4} by f(u) = 2, f(v) = 3, 
fun) = 1, 


flui) = 2, 1<i< [4] 
Fug) = 3 Isis || 
f (vi) = 4, 1<i< [4] 
E = ee 














Pas [a v(2) | u6 


= n n n 
= n+l n4 n+l n+ 
yE ode |e EJ om 2 


Table 3 











Next we investigate the 4-prime cordial behavior of degree splitting graph of a star. Let 
G = (V, E) bea graph with V = $,US2)U---US;UT where each S; is a set of vertices having at 


least two vertices and having the same degree and T = V — Ù Si. The degree splitting graph 
i=1 
of G denoted by DS (G) is obtained from G by adding vertices w1, w2--- , w+ and joining w; to 


each vertex of S; (1< i< t). 


Theorem 2.6 DS(Bn,n) is 4-prime cordial if n = 1,3 (mod 4). 


Proof Let V(Bn n) = {u, v, uiv: 1 <i <n} and E(Bn n) = {uv, uui vv; :1<i< n}. 
Let V(DS(Bn,n)) = V (Bn n) U {w1, w2} and E(DS(Bn,n)) = E(Bn, n) U {wiui, wivi, wu, wav : 
1<i< n}. Clearly DS(Bn,n) has 2n + 4 vertices and 4n + 3 edges. 


Case 1. n= 1 (mod 4). 


Let n = 4t + 1. Assign the label 3 to the vertices v1, v2,--- ,U24++1 and 1 to the vertices 
V2t+2, V2t4+3,°°* ,U4t+1- Next assign the label 4 to the vertices u1, u2,--- ,Waz+2 and 2 to the 
vertices U2143, U2t+4,°°* ,Uat+1- Finally, assign the labels 1,2,2 and 2 to the vertices w2, u,v 


and wy, respectively. 
Case 2. n=3 (mod 4). 


As in case 1 assign the labels to the vertices u;,v;,u,v,W1 and w2 (1 <i < n — 2). Next 
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assign the labels 1,3,2 and 4 respectively to the vertices vp_—1,Un,Un—1 and un. The Table 4 














establishes that this vertex labeling f is a 4-prime cordial labeling. 


m0 
t+3 


























) 
1 


Table 4 


The final investigation is about 4-prime cordiality of jelly fish graph. 


Theorem 2.7 The Jelly fish J(n,n) is 4-prime cordial. 


Proof Let V(J(n,n)) = {u, v, ui, vi, W1, w2 : 1 < i < n} and E(J(n,n)) ={uu;, vui, uwi, 
wv, VW2, uwz, wwz :1 <i <n}. Note that J(n,n) has 2n + 4 vertices and 2n + 5 edges. 


Case 1. n = 0 (mod 4). 


Let n = 4t. Assign the label 1 to the vertices u1,u2,--- ,u2¢+1. Next assign the label 3 
to the vertices U2t+2, U2t4+3,°°* , Uste We now move to the other side pendent vertices. Assign 
the label 3 to the vertices u1, u2. Next assign the label 2 to the vertices u3, u4,...,U2t43. Then 
assign the label 4 to the remaining pendent vertices. Finally assign the label 4 to the vertices 


U, UV, W1, W2. 
Case 2. n=1 (mod 4). 


Let n = 4t+1. In this case, assign the label 1 to the vertices v1, v2,--- , vaz41 and 3 to the 
vertices V2t41, V2t4+3,°°* ,U4t41- Next assign the label 2 to the vertices uj, u2,--- ,Wat+2, and 
3 to the vertices wo:43 and Uzt+4. Next assign the label 4 to the remaining pendent vertices 


U2t+5, U2t+6,°°* ,U4t+1- Finally assign the label 4 to the vertices u,v, w1, w2. 


Case 3. n= 2 (mod 4). 
As in Case 2, assign the label to the vertices u;,u;(1 < i < n — 1), u, v, w1, w2. Next assign 
the labels 1, 4 respectively to the vertices un and vn. 
Case 4. n=3 (mod 4). 
Assign the labels to the vertices u,v, w1, W2, ui, vi(1 < i < n — 1) as in case 3. Finally 
assign the labels 2, 1 respectively to the vertices un, un. The Table 5establishes that this vertex 











labeling f is obviously a 4-prime cordial labeling. 


2t+ 1 











EEE 














EASE 
































Table 5 


Corollary 2.1 The Jelly fish J(m,n) where m > n is 4-prime cordial. 
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Proof Let m = n +r, r > 0. Use of the labeling f given in theorem ?? assign the label to 
the vertices u, v, w1, W2, Us, vi (1 <i <n). 


Case 1. r=0 (mod 4). 


Let r = 4k, k € N. Assign the label 2 to the vertices Un+41, Un+2,°°* ,Un+k and to the ver- 





tices Un+k+1, Untk+2)°°° »Un+2k- Then assign the label 1 to the vertices Un+2k+1, Un+2k+2)'°* , Un+3k 
and 3 to the vertices Un+3k+1, Un+3k+2; ---> Un+4k- Clearly this vertex labeling is a 4-prime 
cordial labeling. 


Case 2. r=1 (mod 4). 


Let r = 4k +1, k € N. Assign the labels to the vertices un4; (1 < i < r — 1) as in case 1. 
If n = 0,1,2 (mod 4), then assign the label 1 to the vertex ur; otherwise assign the label 4 to 
the vertex ur. 


Case 3. r=2 (mod 4). 

Let r = 4k +2, k € N. As in Case 2 assign the labels to the vertices un4; (1 < i < r — 1). 
Then assign the label 4 to the vertex ur. 
Case 4. r=3 (mod 4). 


Let r = 4k + 3, k € N. In this case assign the label 3 to the last vertex and assign the 
label to the vertices un+; (1 < i < r — 1) as in Case 3. 
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